
Kinetic analysis of computer experiments on electron hydration dynamics 
E. Keszei and S. Nagy 
Eiitvbk University, If-1.518 Budapest 112, P.O.B. 32, Hungary 

T. H. Murphrey and P. J. Rossky 
The University of Texas at Austin, Austin, Texas 78712-1167 

(Received 30 March 1993; accepted 16 April 1993) 

Based on a careful analysis of recent nonadiabatic dynamical simulations, a new mechanism is 
proposed to describe the hydration of electrons in pure water, and the solution of the 
corresponding set of differential equations is given. According to this mechanism, a 
thermalization via spontaneous de-excitations across a manifold of delocalized excited states is 
followed by a branching between a two-step hydration and a direct trapping path leading to the 
ground state of the hydrated electron. From a kinetic perspective, the most important results of 
the analysis derive from the temporal evolution of the electronic states in two different sets of 
simulation trajectories; one in which the electron initially possesses about 2 eV excess energy in 
the unrelaxed solvent, and another at an initial excess energy higher about 0.5 eV. Estimated 
characteristic rates for energy loss during thermalization are found to be identical for the two 
cases. However, branching ratios and characteristic times for the solvation steps show 
considerable differences, depending on the initial energy of the hot electrons injected into the 
water. 

I. INTRODUCTION 

After the first evidence’ of two-photon ionization of 
pure water by ultraviolet laser pulses, and a thorough anal- 
ysis of the energy dependence of the quantum yield and the 
products of the reaction2 had been published, this tech- 
nique became the exclusive experimental tool to study elec- 
tron hydration dynamics in pure water.3-8 As this reaction 
is practically complete within l-l.5 ps, detailed kinetic 
information on this reaction necessitates a temporal reso- 
lution of about 100 fs. However, the resolution of the de- 
tection is not directly related to the width of the incident 
pump pulse, as the temporal evolution of the absorbance is 
convoluted with both the pump and the probe pulses plus 
the delay due to the refractive index difference between the 
two wavelengths.3 As a result, the effective pulse width- 
which determines the instrumental resolution of the 
detection-is typically about three times greater than that 
of the pulse width of the laser light source. The convolu- 
tion of the kinetic response with this effective pulse imposes 
severe limitations on the inference of detailed kinetic infor- 
mation from current pump and probe laser measurements. 

Recent pump and probe measurements3-8 revealed ev- 
idence that there are distinct precursor species of the fully 
relaxed hydrated electron. In the papers reporting these 
results, a simple two-step mechanism has been adopted, 
and has been found sufficient to explain all the ultrafast 
kinetic traces. The only modification to this mechanism 
has been proposed by Gauduel et al., who suggested a sim- 
ilar two-step formation of an encounter pair in concen- 
trated aqueous solutions, parallel to the hydrated electron 
formati0n.s 

Prompted by the experimental results on the kinetics 
of electron hydration, molecular dynamics simulations also 
explored this reaction in suitable model systemsg-t4 The 
first study of electron trapping in pure water only explored 

the existence of “trapping sites,” probing the sites with a 
“test charge” to evaluate the capacity of the traps to host 
an electron.’ The first test of a scenario for the dynamical 
relaxation of an electron to its equilibrium state in a water 
bath was reported by Rossky and Schnitker,” but they 
were only able to simulate electronically adiabatic relax- 
ation of the ground state in a water bath. The results did 
not match experimental observations, implying that other 
electronic states were important and leading to the original 
hypothesis that a well defined solvated excited state was 
involved. The advent of new molecular dynamics methods 
involving nonadiabatic transitions”-‘3 enable the simula- 
tion of electronic relaxation with realistic model systems, 
and results obtained with them are generally consistent 
with experimental observations.‘3,‘4 

-Another refinement of the simulations is the use of 
flexible water molecules,‘5-‘7 thus including intramolecular 
modes in the dynamical processes. All these elements have 
been put together in a recent simulation by Murphrey and 
Rossky.14 Their results are in good agreement with recent 
experimental inferences on electron hydration kinetics, 
and, further, include complete, but as yet untapped infor- 
mation from a kinetic point of view. 

The quality of the simulation data makes it possible to 
consider these simulations as computer experiments, and 
analyze them to suggest or probe the validity of alternative 
mechanistical models of the hydration process. There is no 
convolution in the simulated data, i.e., the instantaneous 
concentration, as a function of time, can directly be ana- 
lyzed. This paper describes a thorough and careful kinetic 
analysis of the simulation results. In particular, we make 
the hypothesis here that these computer experiments de- 
scribe the true physical processes occurring in the relax- 
ation of excess electrons in water. We then use the detailed 
data to develop a corresponding kinetic model which we 
can assure captures the physical processes observed, and 
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the solutions to the corresponding equations are derived. 
The simulated data is then used to determine the relevant 
kinetic parameters that would be observed in an ideal ex- 
periment on this system if the data were analyzed on the 
basis of this model. 

The paper is organized as follows: the simulation pro- 
cedure is outlined in Sec. II and the results briefly de- 
scribed in Sec. III. Section IV formalizes the implied mech- 
anism for electron relaxation and the solutions to the 
corresponding differential equations. The results obtained 
in application to the simulated data are discussed in Sec. V. 
The conclusions of this work, and future directions are 
summarized in the last section. 

II. SIMULATION PROCEDURE 

Details of the simulation procedure have been de- 
scribed in previous publications, ’ l-l4 thus we give here only 
a brief summary. There are four essential features of the 
simulation. (1) The water bath consists of 200 flexible SPC 
water molecules’5 in a cubic cell, at a density of 0.997 
g/cm3 at 300 K. Intramolecular potentials of the water 
molecules allow classical O-H bond stretches and changes 
in the equilibrium H-H distance. The constants are chosen 
to reproduce fundamental vibrational frequencies and the 
O-H dissociation energy in liquid water. The configuration 
of the water bath evolves with classical dynamics. (2) The 
electron is represented by its time-dependent SchrBdinger 
equation in the solvent field. (3) The interaction between 
water molecules and the electron combines electrostatic 
and polarization potentials within a suitable pseudopoten- 
tial. (4) The nonadiabatic algorithm consists of a stochas- 
tic surface hopping between adiabatic eigenstates,‘* as well 
as an appropriate semiclassical force on the solvent.‘g 

Initial states of the water bath have been taken from a 
long (-200 ps) molecular dynamics run of pure water 
equilibrated at 300 K, at widely separated time intervals. 
The initial state of the electron has been taken to be a 
(delocalized) energy eigenstate of the zero time solvent 
configuration. The temporal evolution of this system was 
then followed by 1 fs time step, up to 400 fs. (The electron 
has been localized and relaxed to the ground state within 
this time, except for one single run out of 40.) Twenty 
trajectories have been run with the injected electron having 
approximately 2 eV excess energy, and 20 others where the 
initial excess energy of the electron was higher by about 
0.5 eV. 

III. SIMULATION RESULTS 

The primary results of the simulations are the set of 40 
solvent and electronic state trajectories in phase space of 
the above described system. Each trajectory contains the 
sequence of states, recorded at one femtosecond time in- 
tervals. While the basic behavior has been presented and 
discussed elsewhere, l4 there is a great deal more informa- 
tion in these trajectories. Here we focus our attention on 
some specific features of the trajectories that reveal the 
kinetic mechanism of the reaction in the computer exper- 
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FIG. 1. Nonadiabatic trajectory (solid curve) along with the history of 
other (unoccupied) eigenstates (dashed curves) of an electron having an 
initial excess energy of -2 eV. This curve is typical of electron trapping 
in a p-like excited state and then relaxing to the ground state. (Two-step 
process.) 

iments, and on the series of data extracted from the trajec- 
tories that can be used to estimate the kinetic parameters 
involved in this mechanism. 

A set of trajectories which manifest the principal be- 
haviors are shown in Figs. l-4. In each figure, the energies 
of the instantaneous adiabatic eigenstates of the electron 
are shown as a function of time. At zero time, the energies 
of the electron’s eigenstates can be seen in the unperturbed 
solvent. From this time on, both the solvent and the elec- 
tron evolve, mutually responding. After each time-step, the 
instantaneous adiabatic eigenstate energies are shown, ac- 
cording to the actual solvent configuration. In addition, the 
eigenstate marked with a solid curve denotes the one that is 
occupied by the electron. Due to the solvent fluctuations, 
there is necessarily a fluctuation of all the energy levels as 
time evolves. 
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FIG. 2. Same diagram as in Fig. 1, showing a typical example of direct 
trapping, with an initial energy of -2 eY. 
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FIG. 3. Same diagram as in Fig. 1, a typical example of a two-step 
process for an electron with an initial excess energy of -2.5 eV. 

The most striking difference between individual trajec- 
tories is that, in some of them, there is a relatively fast 
relaxation to the lowest lying (s-like) l3 localized ground 
state (Figs. 2 and 4), while others (Figs. 1 and 3) show a 
fast relaxation to a (p-like) I3 localized excited state first, 
and then a final relaxation to the localized ground state. 
However, there are also similarities between the trajecto- 
ries. In both cases it takes some 20 fs for the solvent to 
(energetically) relax around the freshly trapped electron. 
Also in both cases, there is an initial loss of energy in a 
cascade of mostly downwards transitions from one eigen- 
state to another. This behavior is characteristic of the tra- 
jectories where the initial excess energy of the electron is 
about 2 eV, as well as for those with some 2.5 eV initial 
excess energy, ‘but there are quantitative differences be- 
tween these two cases. Space and Coker have found rather 
similar localization trajectories in a recent simulation in 
liquid helium.” As we can already see from the figures, the 
initial energy loss through the manifold of the delocalized 
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FIG. 4. Same diagram as in Fig. 1, showing a typical direct hydration 
process for an electron with an initial excess energy of -2.5 eV. 

TABLE I. Comparison of time intervals needed for different dynamic 
events during the localization of electrons in the simulation. Characteris- 
tic times shown are mean values calculated from 20 runs for both initial 
conditions. Numbers in brackets after the mean indicate the number of 
cases the event occurred (out of 20 runs). Numbers with f sign in 
parentheses indicate the 95% confidence interval of the mean, calculated 
from the sample standard deviation and Student’s t values. 

Characteristic time, 
fs 

Thermalization 
+ trapping in 
the excited state 

-2 eV initial 
excess energy 

30.5[8] 
(=tl3.4) 

-2.5 eV initial 
excess energy 

5sPl 
(*2-O 

Excited state 
lifetime 

Thermalization 
+ trapping in 
the ground state 

164[8] 113[4] 
(S130) (Al30) 

25.75[12] 77[16] 
(h5.5) (*22) 

excited states takes longer for higher energy electrons. Al- 
though localization times and the lifetime of the localized 
excited species vary quite a lot among individual trajecto- 
ries, they are also significantly different for trajectories of 
lower compared to higher initial energy electrons. (See 
Table I.) 

These results, taken together, suggest a kinetic mech- 
anism for the hydration of the electron in the simulations, 
which is discussed in the following section. 

IV. MECHANISM OF ELECTRON HYDRATION 

Before setting down the hydration mechanism, let us 
define some simple terms for the sake of brevity. We shall 
call the fully relaxed ground state electron as the hydrated 
electron and denote it by e&, . The excited localized electron 
will be denoted by e; . Electrons in one of the states of the 
delocalized manifold will be classified in two categories. 
Hot electrons are those which are unable to be localized in 
a suitable trap without losing some of their energy within 
the manifold, denoted by e& . Free electrons are those de- 
localized electrons which can directly be trapped without 
entering other states of the manifold, denoted by ef,,, . Us- 
ing this notation, on the basis of the simulation results, we 
can write the scheme of the hydration mechanism as 

trapping relaxation 
ecot+ + 4 + + efi,,-----c e;k ___c e& 

1 trapping+ relaxation. 1 

(1) 
Let us further refine this mechanistic scheme introducing 
some additional conditions to facilitate a quantitative de- 
scription. Suppose that the “thermalization” takes place as 
a downcascade energy loss proceeding from the ith to the 
(i-0th excited state in the manifold. Suppose that any of 
these energy losses as well as the trapping, the relaxation, 
and the direct trappingplus relaxation can be considered as 
exponential decay phenomena (first order kinetics). Re- 
writing scheme ( 1) in this form, we get 
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Tth Tth Tth 7-2 

e; --) **-+enw4 ef;ke+eL4ee- aq 

)I: 

20 

T3. (2) 
15 

3 
In scheme (2) we treat the thermalization as an n-step 
process, with each step having the same characteristic time 
Tth, where kth= l/T,h is the probability per unit time of 
energy loss. We keep T1 and T2 to have the same meaning 
(i.e., the Iocalization time and the lifetime of species e; ) as E 
for the subprocess ef,,, + e;lc -, eGs invoked in the publica- 5 

tions on experimental results.3-8 
The system of differential equations corresponding to 

mechanism (2) is solved in the Appendix. The resulting 
concentration functions are 

cl cc0 * e-‘%ht (3) 

300 ‘ 
time, fs 

cl=& * (ktht)i-l - e-&h’, l<i<n (4) 

: . 

cfi==cO( k,.-2-J 

X 

1 

?l--l [ (kth-kl--k3)tli 
e-(kl+k3)t-e-kth’ 2 

i=O 

c*=~wqkth-~J [k2e;lmk3 if 

I 
3 (5) 

n-1 (kth-kl-k3)i 
X [e--(kl+k3)t-e--k2t] - C 

i=O Ckth-k?>‘+’ 

x e-k2t-e-~hf i 

1 

([kth-k2]t)” 

m=O m. I II , (6) 

1 

n-1 (k&j 
caq=co l-e-&h’ 2 - 

j=O j! 1 -Cfree-c*. (7) 

In expressions (3 ) to (7)) co is the concentration of the 
excess electrons injected at t=O (i.e., the concentration of 
the species el ), and a subscripted k is the inverse of the 
equivalent T. 

FIG. 5. Evolution of electron populations in 20 trajectories where the 
electron has an initial excess energy of -2 eV. Symbols show the counts 
from the simulation: 0 is the sum of e&r and e&, electrons, + is the 
number of es electrons, and n is the number of e; species. Solid curves 
show the calculated values using mechanism (2) and estimated parame- 
ters of Table II. 

tion curves. Population curves obtained with this method 
of culling (Figs. 5 and 6) are the data that can be used to 
compare the suggested mechanism to the results of the 
computer experiment, and, in case of a satisfying match, 
they can be used to estimate the kinetic parameters Tth, 
T1, T,, and T3 in mechanism (2). 

To fit the mechanism, we used population curves sam- 
pled at 5 fs intervals. The matching of the fitted curves to 
the sampled data can be seen in Figs. 5 and 6. We can see 
an excellent fit for the case of the lower initial excess en- 
ergy electrons (Fig. 5), and a good fit for the higher initial 
excess energy electrons (Fig. 6). A statistical goodness of 
fit test shows greater than 99% confidence for the accep- 
tance of a match in both cases. Consequently, we can ac- 
cept mechanism (2) to be valid, and use the simulation 

V. RESULTS AND DISCUSSION 

To test the validity of the mechanism proposed in the 
previous section for the simulation results, we can try to fit 
the concentration functions to the “experimental” popula- 
tion curves found by simulation. To find a particular pop- 
ulation curve, those states which can be classified as the 
corresponding electronic species must be culled out of the 
20 runs at each time step. While it is evident what should 
be counted as e& or e; , there is an ambiguity in deciding 
whether a certain state in the manifold is still ecot, or al- 
ready erT;e. To overcome this ambiguity, we counted both 
Gt and ef, (i.e., neither eaq nor e; ) together, and con- 
sidered them as ecot+ef, when constructing the popula- 

time, fs 

FIG. 6. Evolution of electron populations with the electron having an 
initial excess energy of -2.4 eV. For the explanation of symbols, see 
Fig. 5. 
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TABLE II. Comparison of the kinetic parameters of mechanism (2) for 
both initial conditions, estimated from population curve data (Figs. 5 and 
6), in femtosecond units. Numbers with * sign in parentheses indicate 
the estimated 95% confidence intervals based on the Hessian matrix and 
the residual error in the nonlinear least squares procedure. Note that the 
branching ratio T,/T, gives the direct hydration/two-step hydration ra- 
tio, as the probability per unit time of a reaction is k= l/T. 

Parameter 

T, Us) 
Tz Us) 
T3 (fs) 
T,i, Us) 
TO3 
(Branching ratio) 
Overall thermalization 
time (fs) 

-2 eV initial 
excess energy 

16 (*5) 
148 (*6) 

12 (A4) 
3.5 (*0.4) 

55:45 

20 (*2.5) 

-2.5 eV initial 
excess energy 

92 (*lo) 
67 (*7) 
48 (+4) 
3.1 (*0.13) 

65~35 

‘40 (*1.6) 

results to estimate the kinetic parameters involved in 
scheme 2. The estimated parameters are summarized in 
Table II. 

The nonlinear least squares algorithm of MarquardG2i 
which was used for the estimation, is essentially a method 
to estimate continuous parameters. As the number of en- 
ergy loss steps it, involved in scheme (2), is strictly integer, 
we kept it constant in the model function used in the least 
squares procedure, and compared the results of runs ac- 
cording to different values of iz. In each case, we tried the 
highest physically meaningful value, which was the quan- 
tum number of the excited eigenstate of the manifold, 
where the electron was injected. This was n=6 for the 
lower, and n = 15 for the higher excess energy electron. l4 
Then we decreased n and checked for the resulted statis- 
tics. For the lower initial energy case, no other values gave 
as good a fit as n = 6, and the estimated error of Tth sharply 
increased even for n=5. For the higher initial energy elec- 
tron, any value between n= 11 and n= 15 gave practically 
the same quality of fit, and the errors of Tfh were such that 
the value of n - T,, and its computed error had about the 
same value. This means that the overall thermalization time 
can be estimated from the “experimental” data, while the 
mechanism is not very sensitive to the actual value of n, 
unless it is greater than 10. This might also mean that, with 
a longer thermalization time, the probability of trapping 
increases for continuum states higher than n=O or n= 1. 
Results in Table II were obtained with n = 13, an interme- 
diate between the extremes 11 and 15. 

A few more words about the relation between Tth and 
the overall thermalization time are appropriate. In many 
usual treatments,22 thermalization is described by some 
particular mechanism, and a distribution of thermalization 
times is associated with the actual procedure. In the case of 
scheme (2)) we suppose a Poissonian process for the energy 
loss, and n such processes are coupled in a cascade. Obvi- 
ously, for one single energy loss, the distribution of ther- 
malization times is exponential, with the expectation Tth. 
As the n subprocesses are independent, the expectation of 
the overall thermalization time is n * Tth, but this is no 
longer exponentially distributed. Moreover, this character- 

FIG. 7. Calculated time dependent concentration functions of the four 
electronic species erO,, , ef;ee , e; , and e,;l corresponding to mechanism (2) 
and the parameters shown in Table II, for electrons with an initial excess 
energy of -2 eV. The concentration scale is normalized to 20 to facilitate 
comparison with Fig. 5. 

istic time n - Tth loses its original interpretation of being the 
time after which the population is decreased by a factor of 
l/e. Instead, this factor is 1.212/e for n=6 and 1.259/e for 
n= 13. In the Appendix, we give the distribution of ther- 
malization times for a cascade of n energy losses. 

Although mechanism (2) contains the species ef,, , it 
is not possible to determine the population unambiguously 
from the simulation results, as we have mentioned before. 
However, the parameters Tth, T,, and T, contain all the 
information necessary to calculate the concentration of ef,, 
as well. This is shown, along with the other three concen- 
tration curves, in Figs. 7 and 8. The four concentration 
curves reveal substantial differences between the two cases. 
With lower initial energy electrons, there is a short dwell 
time in the manifold of continuum states, a quickly estab- 

: 

0 100 200 300 400 
time, fs 

FIG. 8. Calculated time dependent concentration functions of the four 
electronic species erot, e,;, , e; , and e; corresponding to mechanism (2) 
and the parameters shown in Table II, for electrons with an initial excess 
energy of -2.5 eV. The concentration scale is normalized to 20 to facil- 
itate comparison with Fig. 6. 
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al I t=O.=aO, 

a21t=0=a31f=O= ..‘a,It=O=bIt=o=c(t,o=dlt,o=O. 
L42) 

lished efT,, population, and a high probability of the forma- 
tion of both trapped states, eh and e& . With higher initial 
energy electrons, there is a long dwell time in the contin- 
uum states, and a slower build-up of the reactive ef;k, pop- 
ulation, but a much lower probability of the formation of 
either trapped states. Contrary to the previous case, where 
the “stocked” intermediate species is the trapped e;,; , here 
the stocked e;& population largely exceeds that of the e; 
up to 100 fs. In spite of these differences, branching ratios 
seem not to change much from one case to the other. It 
should be noted that the estimation of the ratio T,/T3 is 
rather uncertain; the two ratios 55:45 and 65:35 do not 
show a significant difference. 

The system of differential equations related to scheme 
(Al ) can now be written in the form 

da1 
--g+m=O, L43) 

$+cxa2=aal(t), (A41 

da3 
-g+aa3=aa2(t) (A51 

VI. CONCLUSIONS 

In this article we have used the results of nonadiabatic 
quantum dynamics simulations of the relaxation of excited 
state electrons in water to develop a physically motivated 
kinetic model for this relaxation process. The correspond- 
ing differential equations were solved and it was shown 
that the kinetic model was able to produce a good descrip- 
tion of the state populations seen in the computer experi- 
ment. The model extends beyond those used in published 
treatments of experimental data3-’ in explicitly including 
both an initial thermalization step and an alternative, di- 
rect, pathway from the continuum to the ground state, 
both of which make important contributions in the simu- 
lated kinetics. 

It is now of interest to consider the application of this 
more complete kinetic model to analysis of the alternative 
experimental data sets available.3-8 This analysis, along 
with a full development of the spectral results that would 
be observed from the simulated data will be presented sep- 
arately. 
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APPENDIX: SOLUTION OF THE DIFFERENTIAL 
EQUATION ASSOCIATED WITH MECHANISM (2) 

For the sake of clarity we use a slightly different nota- 
tion here compared to the main text. The suggested reac- 
tion scheme can be rewritten as follows: 

a. 
aAa B f: C 2: D A,-+*-*- n* 

1 B’ 1. (Al) 

The corresponding concentrations will be denoted by 
the respective lower-case letters al, a2, a3* * .a,, b, c, and d. 

The initial conditions to be considered are 

da, 
~+aan=aan-l(t), 

db 

C-46) 

s+ (B+B’>b=aa,(t), (A71 

dc 
;i;+w=DW, (448) 

dd 
;if=P’b(t) +yc(t). (A9) 

The above system of equations can be solved in a con- 
secutive way starting with Eq. (A3), the solution of which 
is obviously 

al =aoeeat (A101 

and then substituting this solution into the right-hand side 
of the next equation and so on. 

Keeping this in mind, Eqs. (A4)-(A8) will assume 
the following form: 

dy 
~+aY=Rf(t), (All) 

where /z and Q) are constant and f(t) is a known function 
of time. 

Note that Eq. (Al 1) is a special case of the inhomo- 
geneous equation 

& 
~+PwY=m 

the solution of which is23 

y=exp[ - lofp(x)dx] ~~q(x)exp[ Jfp(z)dz]dx. 

Applying the above formula to Eq. (A 11) we get: 

y=qewat 
s 

ot f(x>dx dx. 6412) 

The actual calculation of a2 and a3 from Eqs. (A4), 
(A5), and (AlO) on the basis of Eqs. (All) and (A12) 
leads to the intuitive conclusion that the general form of aj 
must be 
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(at)j-l 
aj=ao (j-l)! -cat (j=1,2,3;.-n) (Al3) 

as can be proved by induction. 
Applying Eqs. (A13), (All), and (A12) to Eq. (A7) 

we get 

-(R+P’)t 

J- 

’ Xtl-le-(-~-~‘)X dx. 

O 

(A14) 
Consecutive steps of integration by parts lead to the 

conclusion that 

x”‘@~ dx= 
I 

m (At)’ 
l--e-At c - 

[=O z! 1 * (A15) 

One can use induction to prove the correctness of the 
above formula. 

Applying Eq. (A15) to Eq. (A14) we get after some 
pencil pushing 

bEoo( aw;;-,,)” [ e-(P+B’)t 
It--I [ (a-&P’)t]’ -e--at c 
i=O t. 1 

1. 
(A161 

Eq. 
Let us apply now Eqs. (A16), (All), and (A12) to 
(As). We get 

c=aop (a-;;-a,)“e-~ti’-~~~~~~l 

n-1 b-B-B’)’ - 
4 i=O i! .I 

fxie++,)xd x . 
0 II 

Using again Eq. (A15) we can eliminate the integral 
from the above expression 

n--I (a-P-P’)’ e-yt--e-af i [(a--y)t]j - xi i=O (a--y)'+' ( j=O 111 j! . 

(A17) 
The concentration of D can be calculated without ac- 

tually solving Eq. (A9). Instead of this we can use the 
condition: 

d=ao- i 
j=l 

aj--b-c. 

Using Eq. (A13) and switching to a new summation 
index i= j - 1, we get from the above condition: 

(A181 

One might also be interested in knowing just how long 
it takes for the average particle to get through the thermal- 
ization stages described by Eqs. (A3)-(A6) so that it can 
enter the chain of reactions described by Eqs. (A7)-( A9). 

Note that in Eq. (A 18) the expression in brackets means 
the time-dependent fraction of particles which have passed 
through thermalization. At t=O it starts from 0 and then it 
increases monotonically to 1 as t approaches infinity. In 
other words it can be considered as the (cumulative) dis- 
tribution function of the related probability problem 

n-1 (at)’ 
F(t)=l-e-“’ 2 i!. 

i=o 
(Al9) 

The corresponding density function is obtained by the 
differentiation of Eq. (A19) 

dF 
dt=ae 

--at (at>“-’ 
(n-l)!’ (A201 

The expectation value of the time spent by the particle 
in the thermalization stages is 

s 

a dF a” * 
7= 

0 tzdt=(n-l)! 0 f 
Peeat dt 

* (A211 

Using Eq. (A15) we can evaluate the integral in Eq. 
(A21 > 

n I . 
T=(nlsl)! a;;1 t-rm 

i 

’ (at)’ 
lim 1 -emnr C - i=O i! 1 . 

Thus we get 

n 
r=-. 

a (-2) 

- --According to this result each thermalization stage in- 
creases the retention time by the same amount a-*, the 
characteristic time of reaction (A3), i.e., the time the un- 
reacted fraction of a0 takes to drop to e-l. Note, however, 
that since Eq. (A20) is not purely exponential, for n > 1 we 
have lost this simple interpretation of 7. We can easily 
derive from Eq. (A20), that the fraction of particles still 
dwelling in the thermalization stages at time T is 

Tf ( Ii: z) /endl. 
For example, for n = 6, this fraction increases to 1.212/e. 
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